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RIGID REALIZATIONS OF MODULAR FORMS IN
CALABI–YAU THREEFOLDS
DOMINIK BUREK
Abstract. We construct examples of modular rigid Calabi–Yau threefolds,
which give a realization of some new weight 4 cusp forms.
1. Introduction
The aim of this note is to construct new rigid Calabi–Yau realizations of weight
4 cusp forms as a resolution of a quotient of non–rigid examples listed by C. Mayer
in [12].
Recall that a smooth, projective threefold is called a Calabi–Yau threefold if it
satisfies the following two conditions:
(i) The canonical bundle of X is trivial and
(ii) H1(X,OX) = H2(X,OX) = 0.
A Calabi–Yau threefold is said to be rigid if it has no infinitesimal deformations i.e.
H1(X, TX) = 0. By Serre duality it is equivalent to the vanishing of H2(X,ΩX) or
h2,1(X) = 0.
A lot of research on Calabi–Yau threefolds was motivated by the following con-
jecture:
Modularity conjecture. Any rigid Calabi–Yau threefold X defined over Q is
modular i.e. its L–series L(X, s) coincides up to finitely many Euler factors with
the Mellin transform L(f, s) of a modular cusp form f of weight 4 with respect to
Γ0(N), where the level N is only divisible by the primes of bad reduction.
In [5] and [6] L. Dieulefait and J. Manoharmayum proved the modularity con-
jecture for all rigid Calabi–Yau threefold defined over Q satisfying some mild as-
sumptions on primes of bad reduction.
Finally the conjecture was obtained in [7] from the proof of Serre’s conjecture
given by C. Khare and J.-P. Wintenberger; see [10] and [11]. However the question
asked by B. Mazur and D. van Straten — which modular forms can be realized as
a modular form of some rigid Calabi–Yau threefold, is still open.
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2. Involutions of double octic Calabi–Yau threefolds
Let S ⊂ P3 be an arrangement of eight planes such that no six intersect and no
four contain a line. Then there exists a resolution of singularities X of the double
covering of P3 branched along S which is a Calabi–Yau threefold.
A crepant resolution described in [4] is not uniquely determined but depends
on the order of double lines. We can avoid this difficulty replacing the blow–up
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of all double lines separately with the blow–up of their sum in the singular double
cover. Now, by the universal property of a blow–up, every automorphism φ of the
projective space P3 lifts to an automorphism φ˜ of the double octic X .
Any automorphism of a Calabi–Yau threefold acts on a canonical form ω of X
by a multiplication with a scalar ω 7→ µω. If the automorphism has finite order n
then µn = 1. We shall call an automorphism symplectic if it preserves the canonical
form ω i.e. µ = 1.
We shall investigate in more details the case of an automorphism of order two.
The fixed locus Fix(f) of a symplectic involution of a Calabi–Yau threefold is a
disjoint union of smooth curves, while the fixed locus of a non–symplectic involution
is a disjoint union of smooth surfaces and isolated points.
2.1. Proposition. Let φ be an automorphism of the projective space P3 of order
two such that
(i) the fixed locus of φ contains no double nor triple line of S,
(ii) planes intersecting in fourfold point are not invariant by φ,
(iii) a fixed line of φ intersects S with odd multiplicity in at most two points.
Then the fixed locus of the induced involution φ˜ : X → X contains no curve with
positive genus.
Proof. Our strategy is to perform the resolution and after each step verify that the
fixed locus of the lifting of φ to the partial resolution contains no irrational curves.
We start with the (singular) double covering of P3 branched along S. Any fixed
curve of the involution must be mapped to a fixed line of φ in P3, if this curve is
irrational then, by the Riemann–Hurwitz formula, the line intersects S with odd
multiplicity in at most four points. This contradicts the second assumption, which
in fact is necessary.
The next step of the resolution is the blowing up of all fivefold points in the
base of double covering, new branch divisor is the strict transform of S plus the
exceptional divisors. So any fixed curve of the involution is either birational to a
fixed line in previous step or is a fixed line of the induced involution on a projective
plane (isomorphic to an exceptional plane of the blow–up). At this step we introduce
new double lines: intersections of the exceptional locus with strict transforms of
the five planes.
The involution is not the identity on the P2 because otherwise we will get a fixed
divisor in the double octic. If one of the double lines is fixed (dashed line l1 in the
picture below), then the fixed locus on P2 consists of l1 and an isolated point. On
the other hand on each line l2, . . . , l4 we have at least two fixed points, hence the
other four lines intersect, which is impossible.
P
2
l1
l2 l3
l4
l5
In the next step of resolution we blow up triple lines and as in the case of a fivefold
point we add the exceptional divisors to the branch divisor. In the exceptional
divisor we get the following configuration:
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l1
l2
l3
k1 k2 k3 : : : kt
P
1
× P
1
where t denotes the number of fourfold points on that triple line.
Consequently any fixed curve is a vertical line (dashed line in the picture) and
so it is rational. Again we introduce new double lines: l1, l2, l3 and k1, k2, . . . ,
kt (solid lines in the picture). Suppose that the line ki is fixed. Then we get four
invariant planes: three planes containing ki and one transversal to them, which
leads to the contradiction with assumption (ii).
Now, we blow–up all fourfold points, this time we do not add the exceptional
divisors to the branch divisor. In the exceptional divisor over a fourfold point P
we get the following configuration:
P
2
l1
l2
l3
l4
and in the double cover we get a double covering of P2 branched along the four solid
lines. Any irrational fixed curve of the involution maps to a fixed line of involution
on P2 (a dashed line in the picture), it is not of the other lines l1, . . . , l4 because
over each of them the double cover is an isomorphism.
In particular the involution on P2 is not identity, its fixed locus consists of the
dashed line and an isolated point. As an involution of a projective line has two fixed
points the lines l1, . . . , l4 intersect and consequently the four planes passing through
the fourfold point intersect along a line, which contradicts our assumptions.
Now the singular locus of the branch divisor is a union of double lines, some
of them were introduced in the previous step, but none of them is fixed by the
involution. In the last step we blow–up the sum of the double lines in the (singular)
cover, a fiber of the blow–up is a line at a double point or a sum of three concurrent
lines at a triple points. Since every fixed line is birational to a fixed line from the
previous step of the resolution or a line (component of a fiber) the assertion of the
proposition follows.

3. Main result
In [12] C. Meyer gave a list of 63 one–parameter families of double octics {Xτ}τ∈P1
with h2,1(Xτ ) = 1. Using an extensive computer search he found 18 examples in 11
families (see [12], table on page 54) such that for all primes p ≤ 97 the trace of the
Frobenius map Frobp equals ap + pbp, where ap and bp are the coefficients of cusp
forms f4 and f2 of weight 4 and 2, respectively. This gives a strong numerical evi-
dence of the modularity of X in the following sense: the semi-simplification of the
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Galois representation on H3(X) decomposes into two-dimensional pieces isomor-
phic to Galois representations associated to f4 and f2. Equivalently, the L series
of X factors as L(X, s) = L(f4, s)L(f2, s − 1) (see [8] and [9]). In fact modularity
of all examples except Arr. no. 154 was proved in [3].
3.1. Remark. Different elements from Meyer’s table with the same arrangement
type are in fact isomorphic with a quadratic twist compatible with twists λ in table
[12]. For an Arr. no. 4, from [2] we find that the map

x
y
z
t
u

 7→


ABy +ABz
−ABy(−A2 +AB)x+ (−A2 +AB) y −A2z + (A2 −AB) t(
AB −B2) t
A3B3(A−B)2u


which gives an isomorphism (over Q) between X(A:B) and the quadratic twist of
X(A−B:A) by −A(A−B). In particular X(1:−1) and X(1:2) are isomorphic, they are
also isomorphic to the quadratic twist of X(2:1) by −2. Since the cusp forms 32k4A1
and 32A1 have CM by
√−1 the quadratic twists by 2 and −2 coincide. Similar
transformations exists also for Arr. no 13, 249 and 267.
3.2. Theorem. Let X be a Calabi–Yau threefold from Meyer’s table corresponding
to Arr. no. 4, 13, 21, 53, 244, 267, 274. Then there exists a symplectic involution
φ on X and a crepant resolution Y of a quotient X/φ, which is a rigid, modular
Calabi–Yau threefold.
Proof. By the remark 3.1 for each arrangement type in the theorem we can consider
only one example. For all examples, we shall find a transformation g : P1 → P1,
which has an isolated fixed point τ0 such that g
′(τ0) = −1 and isomorphisms
φ˜τ : Xτ → Xg(τ) for which φ˜τ0 is a symplectic involution satisfying conditions of
the Proposition 2.1.
In the table Tab.1 we give an involution φτ and the transformation g.
Arr. no. g τ0 φτ (x, y, z, t, u) Cusp form
4 1/τ −1 (Ay +Az,−Ay,Ax+Ay,Bt,A3Bu) 32k4A1
13 1/τ 1
(
Bz,By,Bx,At,−AB3u) 32k4A1
21 (−1− τ)/τ −1/2
(
(A+B)x + (A+B)y, (−A−B)y,
(−A−B)z, Ax+ (A+B)y +Bt,
(A+B)3Bu
) 32k4B1
53 1/τ 1
(
Ay,Ax,−Bt,−Bz,A2B2u) 32k4B1
244 1/τ −1 (Bx,By,At,Az,−B2A2u) 12k4A1
267 1/τ −1 (t,−z,−y, x, u) 96k4B1
274 1/τ 1 (z,−t, x,−y, u) 96k4E1
Tab. 1
Since τ0 is a fixed point of g the weighted projective transformation φτ0 induces
an automorphism φ˜τ0 of Xτ0 that transform ω to λω where λ is the quotient of the
determinant of the transformation on P3 by the coefficient in front of u. For each of
the cases in the table Tab.1 we compute λ = 1, so the involution φ˜τ0 is symplectic.
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The action induced by φ˜τ0 on H
1,2(Xτ0) is given, via the Kodaira–Spencer map,
by the multiplication by g′(τ0), thus H
1,2(Xτ0)
〈φ˜τ0 〉 = 0. The quotient Xτ0/φτ0
admits a crepant resolution Yτ0 by blowing–up of double curves. From the special
case of an orbifold formula (see [1]) we have the following formula
H1,2(Yτ0) ≃ H1,2(Xτ0)〈φτ0 〉 ⊕
⊕
C∈Fix(φτ0)
H0,1(C),
where Fix(φτ0) consists of curves, which are fixed by the involution φ˜τ0 . Proposi-
tion 2.1 yields that Yτ0 is a rigid Calabi–Yau manifold defined over Q. From the
involution we get a monomorphism H3(Yτ0) → H3(Xτ0), so the modularity (and
the cusp form) of Yτ0 follows from the modularity of Xτ0 . 
3.3. Remark. According to our knowledge the last two examples in 3.2 give first
rigid Calabi–Yau realizations of modular forms 96k4B1 and 96k4E1.
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